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1 Abstract

This document presents a solution to the ”Tri-Angled Trigonometry” problem
published by the University of Cambridge’s NRICH website. Methods used
throughout this proof include common trigonometric identities (e.g., sum and
difference formula, co-function identities) alongside basic algebraic manipula-
tion. I hope my explanations will help budding mathematicians better under-
stand the intricacies behind solving this problem!

2 Solution (Part I)

For the first part of the problem, our aim is to show that,
5in0 + sin’¢ + sin + 2sin(0)sin(d)sin() = 1 (1)

when 4+ ¢+ = %71'. So, factoring out a common expression sin(f) from LHS
of (1) simplifies the equation to,

sin(0)[sin(0) + 2sin(¢)sin(vy)] + sin? (o) + sin? () (2)

To further simplify sin(f) + 2sin(¢)sin(y), let us rearrange the second original
equation’s terms,

O+o+y= %W (3)
=¢+¢= %ﬂ' -0 (4)
And using the co-function identity COS(%W — ) = sin(x) for x =0,
COS(%T( —0) = sin(0) (5)
= cos(¢p + 1) = sin(0) (6)
Therefore, substituting (6) into (2) gives us,
sin(0)[cos(¢ + ) + 2sin(¢)sin(v)] + sin®(¢) + sin® () (7)



Using the sum and difference formula cos(¢+1) = cos(¢)cos(1) — sin(p)sin(),
(7) can be expressed as,

s5in(0)[cos(p)cos(v) — sin(d)sin(i) + 2sin(p)sin()] + sin?(d) + sin*(p) (8)

= sin(0)[cos(¢p)cos(¥) + sin(¢)sin(y)] + sin®(¢) + sin? (1)) 9)
Since sin(f) = cos(¢p + 1) = cos(¢p)cos(v) — sin(¢)sin(y)), substituting (6) into
(9) gives us,

cos(¢ + ¥)[cos(p)cos(¥) + sin(¢)sin(y)] + sin®(¢) + sin*(v) (1

0)
= [cos(¢)cos(v)—sin(p)sin(ih)]|[cos(p)cos(1p)+sin(@)sin()]+sin?(¢)+sin (5 ))

Using the difference of squares formula (a + b)(a — b) = a®> — b? for a =
cos(p)cos() and b = sin(¢)sin(¢), (11) can be simplified to,
cos?(p)cos® (1) — sin®(p)sin® () + sin®(¢) + sin?(¢)) (12)

Since cos?(f) = 1 — sin?(6) (derived from the Pythagorean identity sin?(0) +
cos?() = 1), (12) can also be expressed as,

[1 — sin?(p)][1 — sin?()] — sin®(¢)sin? (V) + sin? (@) + sin (1)) (13)

Distributing the terms of [1 — sin?(¢)][1 — sin?(¢))] in (13) and expanding the
brackets gives us,

1[1 — sin? ()] — sin?(p)[1 — sin? (¥)] — sin? (@) sin? (1) + sin?(¢) +sin? () (14)
= 1—sin? (V) — sin?(p) + sin?(¢)sin’ (1) — sin?(¢)sin® (1) + sin*(¢) + sin? ()

(15)
Since like terms with opposite signs cancel each other out, we are left with,

1—M—M+W—M+M+wﬁ@
=1 (17)

This proves that LHS = RHS of (1). (Q.E.D.)

3 Solution (Part II)

For the second part of the problem, our aim is to show that x = sin(%ﬂ)

satisfies,
823 + 8% —1=0 (18)

when sin?0 + sin?¢ + sin?y + 2sin(0)sin(¢)sin(v) =1, 0 + ¢ + ¢ = 7 (both
carried over from the first part) and 6 = ¢ = %W Slnce the value of ¥ is
currently unknown, let us substitute the values of § and ¢ into (3),

1 1 1



4 )
1
= — 21
=4 =on 1)

Thus, substituting the values of 6, ¢ and v into (1) gives us,

91

1 1
sin 57T+SZTL257T+SZH 1—07r—|—25m(5 )sm(5 )Sm(lO m)=1 (22)
= 2sin® o7 + sin—r + 2sin?(£m)sin(-=) = 1 (23)
sin 5T sin 0" sin =msin(35
Using the double-angle formula sin(2a) = 2sin(a)cos(a) for 2a = = ¢ = ix
(meaning a = {57),
1 2 1 1
sin(gﬂ) = sin(— 10 ) = 28in(ﬁ7r)cos(ﬁ7r) (24)
1 1 1 1 1
in?(=m) = [2sin(— —m))? =4 2 2
= sin (571') [ sm(low)cos(loﬂ')} sin (10 )cos (10 ) (25)
= 2sin2(17r) = 8sin (iﬂ')COSQ( ! ) (26)
) 10 10
Substituting (26) into (23) gives us,
8sin2(i7r)cosz( ) + 5m2i7r + sin(— )[8$in2(i7r)cos2(i7r)] =1 (27)
10 10 10 10 10 10
1 ), 1 , 1 1 )
= 8sin?(—=m)cos*(—=7) + sin® —m + 8sin®(—7)cos (10 m) =1 (28)

10 10 10 10
1

Using cos?(15m) = 1 — sin®({57), we can substitute this equation into (28) to
get (completely in terms of sin(&)),

7)[1 — sin®(— !

10 )] + stiW + 8sin (110 )1 - smz(%w)] =1 (29)

8sin?(— 0

10

Expanding the brackets and rearranging the terms in (29) gives us,

1 1 9 1 1 1
.9, 1 _ . L L . . 50 1 -1
8sin (107r) 8sint (1077) + sin? 1077—1— 8sin® (10 ) — 8sin (1071') (30)
= 85in3(iﬂ') + 85in2(i7r) —-1- 8sin5(i7r) - 85in4(i7r) + 5in2(i7r) =0
10 10 10 10 10

(31)
Factoring out the common expression 8sin?(:m) + 8sin?(15m) — 1 in (31) dis-
tributes the terms and simplifies the equation,

1[8sin3 (%W)-l—&%ﬂ (110 )—1]—sin2(%7r)[8$in (ll—ow)—i—Ssm (110 )—1] (32)
=[1- sinz(l—loﬂ)][Ssm?’(l—low) + 8sin (110 )—1]=0 (33)



And substituting cos?(75m) = 1 — sin?({57) into (33) gives us,

0082(%ﬂ)[83in3(%ﬂ') + 88in2(%7r) —-1]=0 (34)
Since cos?(57) can be divided by 0, equation (34) can also be expressed as,
85in3(i7r) + 8sin2(i7r) -1=0=+ cosz(iﬂ) =0 (35)
10 10 10
Which means that substituting z = sin(757) into (35) gives us,
823 + 822 —1=0 (36)

This proves that 2 = sin(s57) satisfies (18) when all the given conditions are

10
true. (Q.E.D.)



