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Can you prove that for any touching circles in the interactivity above, |ad
—be|=17

Nictanra fv)

In order for two circles to intersect al only one point the sum of the radii most equal the
distance {x].

<= 1fad 4 1foc® (since the radii of the eircles are 1/24* and 1/20? respectively)

Then using pythagoras' theorem we can deduce that:

= afc-b/d)+ (1/ad - 1f2*P

This is because the hypotenuse is the sum of the change in x values squared and the change
in ¥ values squared. So now if wie substitute inte our original equation:

Vi afe = hAd W+ (1o - foet)t = o o 4 100
We sguare both sides and rearrange:

(afe-b/d 4+ (102 - 1002} = (10002 4 1 0028
{afe-b/d ) e (102 4 1/002)R - (1 00 - 1 fopd)E

Mow lot us forus on the RHS:
Let {1/2c? & gf2c = (1fod? - /22 = (x + )2 = {x -y}

(x4 yP-(x-yPex®+oxy+ -2+ 2xy- y°
B 4y
= 4(1/4ed?)
m 1o
Substitute this back into the main eguation:
(afe-b/d =1 c*d"
If we rearrange the LHS we are left with this:

(ad = he/cd P = 1/ 0%
(erd = Bl ctd® = 1) e3d?
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(od - bl = etd® fesd® (Multiply both sides by e2d®)
(ad - b =1

o ooad - be = 1 (square root both sides)

Thiz is true for all valees of ab.c and o,

Can you prove that, given two such circles which touch the x axis at b/d
and a/e, the circle with centre (a+b/c+d,1/2(c+d)2) and radius 1/2(c+d)z2
is tangent to both circles?

To prove this we can essentially use the same principle as we did before; if this cirele was
tangent to both circles then it will touch each eirele at only one point on both
circumferences.

Lot e 4+ o = 2" (to make the calenlations easter to read):
e (0fe= (o + b))+ (1202 - 1/0x0)0 = (1002 & 1) 2y2)2

Maotice that the same equation distance® = change in x sguared add change in v squaned.
We can then rearrange:

(ofe- a4+ b)/xE e (2e® ¢ 1oy = (1) 202 - 1 /2570
The same pattern has come up on the RHES, sa:

(ofe = (a + B)/x)? = 41/ 40557)
(afe = {a+ b}y e 1/

Rearrange the LHS:
{ax - ac - be ) o = 1 e
Note x = ¢ + d, this can now be substituted into the numerator on the LHS:

(ac + ad - oo - be ) ey = 1) 03
(ad - bePlex s 1feox?

We now know that od - be = 1, and so we are left with;

1/ = 1) 0%

This is clearly true for afl values of ¢ and x, thus proving that this crcle is tangent to the other
eircle. If we repeat this process, except for the x and rvalues of the cirele it comes as the

same answer excepl the o replaced with a d, exemplifying that the circle is tangent to both
the other circles,



